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Quiz 3 
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NOTES:  

1. The quiz has 4 questions total. Check the other side for question 3 and 4. 

2. For choice questions, there is only one correct answer. It is optional for you to write 

analysis on the choice questions. If your choice is correct, you will get full credit 

even without analysis. If your choice is not correct, you could still get partial credit 

based on your analysis. 

3. For all the non-choice questions, no final number is needed. Arithmetic formula is 

enough. 

4. For question 3 and 4, analysis (one sentence is enough) counts up to 50% credit; 

result counts up to 50% credit.  

 

3.1 [25 points] Given the towers of Hanoi problem for 5 washers, namely H(5, S, E, G). In its 

decision tree, what is the rank for move G
�

→E in path H(5, S, E, G), H(4, S, G, E), H(3, G, S, E), 

G
�

→E:  ___c___ 

(a) 9 

(b) 10 

(c) 11 

(d) 12 

(e) none of the above 

hn=2n-1, the left part of the path is H(3, S, E, G), S
�

→E, H(2, G, E, S). So the leaf number on the 

left of G
�

→E is (h3+1)+h2=(23-1+1)+22-1=11. So the rank is 11. 

 

3.2 [25 point] We are given an urn that has one red ball and two white ball. A fair die is 

thrown. If the number is a 1 or 2, one red ball is added to the urn. Otherwise two red balls 

are added to the urn. A ball is then drawn at random from the urn. Given that a red ball was 

drawn, what is the probability that a 1 or 2 appeared when the die was thrown?  ___c___ 

(a) 4/13  

(b) 5/13  

(c) 5/17  
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(d) 7/17  

(e) none of the above  

Similar to the solution to Example 18 in note 10 (page 19-20), we can draw decision tree for 

it. Based on the tree, the result is (1/2×1/3)/((1/2×1/3)+(2/3×3/5))=5/17. 

 

 

 

3.3 [25 point] Prove an = n2n-1 is the solution of recursion a0 = 0, a1 = 1 and an = 4an−1 − 4an−2 

for n≥2? 

f(n)=n2n-1, S(n)= 4an−1 − 4an−2. Based on Theorem 7, we need to prove f(n)equals to S(n) for 

initial condition step and recursion step. 

Initial condition step: S(0) = a0 = 0, f(0)=0×2-1=0. S(1) = a1 = 1, f(1)=1×20=1. So f(n)equals to 

S(n) for initial conditions. 

Recursion step: Suppose f(n-1)= S(n-1) and f(n-2)= S(n-2). Then S(n)= 4an−1 − 4an−2 = 4S(n-1) 

− 4S(n-2)=4(n-1)2n-2 − 4(n-2)2n-3 = 4n2n-2 −4×2n-2 − 4n2n-3 + 4×2n-2 = n2n-1 = f(n). So f(n)equals 

to S(n) for recursion step. 

 

 

 

3.4 [25 point] Derive the solution to the recursion an = 10an-1-25an-2, a1 = 1, a2 = 2. 

 

Based x2-10x+25=0, we can know r1=r2=5. 

Because we do not know a0, we have to get equation for K1 and K2 based on a1 and a2: 

a1 = 1= K1(r1)1+ K2(r1)1= 5K1+5K2, a2 = 2 = K1(r1)2+ K22(r1)2= 25K1+ 50K2 

solve the above equations, we get K1=8/25,  K2=-3/25, 

So the solution is an=(8/25)5n-(3/25)n5n
 

 


