
Quiz

• Make sure write down your name, ID and 

signature.
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CSE 21

Mathematics for Algorithm and System 

Analysis

Unit 3: Decision Trees and Recursion

Section 1: Basic Concepts of Decision Trees
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Review : Lexicographic Order and 

Linear Order (Unit 1)
• Lexicographic Order: For Cartesian product P = 

C1 × · ·  ·  × Ck, the lexicographic order on P is 
defined by saying that (a1, ..., ak) <L (b1,...,bk) if 
and only if there is some t ≤ k such that: 1) ai = bi

for i < t and 2) at < bt.

– e.g.,: AB < AC (t=2),  ATBT < ATUA (t=3)

• Linear Order: a n-list from a n-set without 
repetition.

– e.g.,: (1, 2, 3) and (2, 1, 3) are two linear ordering of 
set {1, 2, 3}
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Review : Function (Unit 2)

• The set of the first n positive integers, {1, 2, . . . , 

n} : n .

• f : A→ B means f is a function from A to B, which 

is the same with f ∈ BA.

• One-line notation: when domain set A is ordered 

by a1, a2, ..., a|A|, a function can be written in one-

line notation: f(a1), f(a2), ..., f(a|A|)

• For a function to itself, such as f : A→ A, if this 

function is a bijection, it is called a permutation.

CSE21: Lecture 8 4



Learning Outcomes

• By the end of this lesson, you should be able to 

– Understand concepts of Decision Tree. 

– Understand how to traverse decision tree based on 

depth-first search and breadth-first search.

– Understand the concept of backtrack and how it is 

used in depth-first search. 
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Why do we need to learn this?

• Decision trees provide a geometrical framework for 

organizing the decisions. Its advantages include: 

– It gives us a powerful intuitive basis to view and solve 

many decision related problems,

– It provides a language for discussing the material,

– It allows us to view the collection of all decisions in an 

organized manner.

• Tree structure used in decision tree is an important 

data structure type.
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Example 1 : Decision tree for 23

• Decision tree for generating the functions in 23

• 121 stands for the function 1,2,1 in one-line form.

• Concepts: 

– vertices: {R, 1, 2, …, 222}

– edges: {(R, 1), (21, 212),…}

– edge label: 1 or 2

– root: R

– for edge e=(v, w), 

• vertex w is a child of v, 

• vertex v is the parent of w. 
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Example 1 : Decision tree for 23 (2)

• More concepts: 

– degree of a vertex: number of edges incident on (connected with) 

the vertex. Degree of 22 is 3: (2, 22), (22, 221), (22, 222)

– down degree: the number of edges e = (v,w) incident on vertex v. 

Down degree of 22 is 2.

– leaves: vertices with 0 down degree. Other vertices are internal

vertices. 111, 112 are leaves.

– path to a vertex: unique list of edges from root to the vertex

Path to 22 is (R,2), (2, 22)

– height (distance of vertex to from the root): the length of the path, 

namely the edge number of the path. The height of 22 is 2.
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Example 1 : Decision tree for 23 (3)

• Decision tree for generating the functions in 23

– Each edge is labeled with the choice of function value to 

which it corresponds.

– A vertex v represents the partial function constructed so far, 

when it is reached by starting at the root.

– The edges leading out of a vertex are labeled with all 

possible decisions that can be made next.

– The leaves are the finished functions, they normally are in 

lexicographic order.
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Example 1 : Decision tree for 23 (4)
• Create function from the decision tree 

– Start at the root and choose downward edges (i.e., make 

decisions) until we reach a leaf. This creates a path from 

the root to a leaf, which can be described by three ways:

• the sequence of vertices v0, v1, . . . , vm on the path from the root v0

to the leaf vm;

• the sequence of edges e1, e2,…, em, where ei = (vi−1, vi), i = 1,…,m

• the sequence of decisions D1, D2, . . . , Dm, where ei is labeled with 

decision Di.

• In Example 1, the path from the root R to the leaf 212:

– the vertex sequence is R, 2, 21, 212; 

– the edge sequence is (R, 2), (2, 21), (21, 212); 

– the decision sequence is 2, 1, 2. 
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Example 2: Counting Words

• Using the 26 letters of the alphabet and considering 

the letters AEIOUY to be vowels how many five 

letter “words” (i.e. five long lists of letters) are there, 

subject to the following rules?

(a) No vowels are ever adjacent.

(b) There are never three consonants adjacent.

(c) Adjacent consonants are always different.

• Use decision tree to generate all the possible patterns 

in lex order composed of consonants and vowels; 

e.g., CCVCV
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Example 2: Counting Words (2)

• With the decision tree, now count the number of 

words associated with each leaf. 

• The total number of words is the sum of

– CCVCC: (20×19)2×6 

– CCVCV, CVCCV, VCCVC, VCVCC: (20 × 19) × 20 × 62

– CVCVC : 203 × 62

– VCVCV: 202 × 63
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Definition 1 : Rank of an element of a list

• The rank of an element in a list is the number of 

elements that appear before it in the list. 

• The rank of a leaf of a decision tree is the number of 

leaves that are to the left of it in the picture of the 

tree. 

• The rank is denoted by the function RANK.

• In Example 2: RANK(CCVCC) = 0 and 

RANK(VCCVC) = 4.
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Example 3 : Permutations in 

lexicographic order
• A permutation on 3 is a bijection f : 3→3. Its one-

line form is f(1), f(2), f(3).

• For each function, we list values in increasing order 

from left to right.

• Each leaf is a finished

function in one-line form.

• The leaves are listed 

in lexicographic order. 
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Traversing Decision Trees

• In many computer algorithms, we need to either 

systematically inspect all the vertices of a decision 

tree (or a general tree) or to find the leaves of the tree.

• traversal of the tree: An algorithm that inspects all the 

vertices (and so also finds the leaves).

– Depth-first search

– Breadth-first search

• The depth-first search algorithm belongs to an 

important class of search algorithms called 

backtracking algorithms.
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Example 5 : Traversals of a decision tree

• Depth first vertex sequence, DFV(T)

– 1,2,4,2,5,2,1,3,6,8,6,9,6,10,6,11,6,3,7,3,1

• Depth first edge sequence, DFE(T)

– A,C,C,D,D,A,B,E,G,G,H,H,I,I,J,J,E,F,F,B 

• Breadth first vertex sequence, BFV(T)

– 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11

• Breadth first edge sequence, BFE(T)

– A, B, C, D, E, F, G, H, I, J
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Example 5 : Traversals of a decision tree(2)

• The sequences BFV(T) and BFE(T) are linear 

orderings of the vertices and edges of the tree T. 

• We can get two linear orderings from DFV(T):

– PREV(T), called the preorder sequence of vertices of T, is the 

sequence of first occurrences of the vertices in DFV(T).

– POSV(T), called the postorder sequence of vertices of T, is 

the sequence of last occurrences of the vertices in DFV(T).

• In Example 5, 

– PREV(T) = 1,2,4,5,3,6,8,9,10,11,7

– POSV(T) = 4,5,2,8,9,10,11,6,7,3,1
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Theorem 1 : Systematic Traversal 

Algorithm for Depth-First Search
The procedure systematically visits the vertices of a tree 

T in depth-first order, DFV(T), listing the leaves as they 

occur in the list DFV(T).

1. Start: Mark all edges as unused and position yourself at the root.

2. Leaf: If you are at a leaf, add it to the end of the list.

3. Decide case: If there are no unused edges leading out from the 

vertex, go to Step 4; otherwise, go to Step 5.

4. Backtrack: If you are at the root, STOP; otherwise, return to the 

vertex just above this one and go to Step 3.

5. Decision: Select the leftmost unused edge out of this vertex, mark 

it used, follow it to a new vertex and go to Step 2.
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Theorem 1 : Systematic Traversal Algorithm 

for Depth-First Search (2)-Backtrack
• Backtracking corresponds to going toward the root on an edge 

that has already been traversed in the opposite direction. 

• It refers to the process of moving along an edge back toward 

the root of the tree. 

• It corresponds to undoing (i.e., backtracking on) a decision 

previously made. 

• The algorithm only needs to keep track of the decisions from 

the root to the present vertex. So when it backtracks, it can 

“forget” the decision it is backtracking from.
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Example 6 : Restricted Permutations

• List all permutations f of 9 such that |f(i)−f(i+1)|≤3 for 

1≤i<9. It’s not obvious what decisions are reasonable. 

– Keep making decisions until we know it is an dead end. 

• Circled leaves are solutions.

• The tree shows the decision 

tree for a permutation

whose one line 

notation starting 

with 12458.
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Example 6 : Restricted permutations (2)

• Because not every leaf is a solution, step 2 in 

Theorem 1 need to be updated: 

– 2′. Leaf: If you are at a leaf, take appropriate action.

• It is called “backtracking” 

because it abandons 

invalid solutions

or leaves.
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Systematic Traversal Algorithm for 

Breadth-First Search 
The procedure systematically listing the vertices of a 

tree T in breath-first order, BFV(T).

1. Start: Mark all edges as unused and position yourself at the 

root.

2. Add itself: Add current vertex to the end of the list.

3. Add children: Get all its child vertices from leftmost to 

rightmost, add them one by one to the end of the list.

4. Decide case: Check the list from beginning, and look for the 

first vertex whose child vertices are not in the list. If find one, 

go to Step 3; otherwise STOP.
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Homework and Pre-Reading Assignment

• Homework: 

– Exercise 1.1, 1.3, 1.4, 1.5 in page DT-13 to DT-14

– Prepare Midterm

• For next class, please read first a few pages of 

Section 2 in Unit 3.

– Try to understand recursive algorithm, approach and 

solution. 

– Try to understand problem for the towers of Hanoi, 

play with it. 
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