
Final 
• Friday, 09/06/2013, 3:00 P.M. - 6:00 P.M., CENTR 109

• Contact me by Monday if you cannot take it with your reason.

• Final covers all units and sections taught in the course.

– Only content taught in the classes.

• You can bring two letter size papers (8.5“ by 11“) for notes (front 

and back, hand written). Turn these in with your test.

– You can reuse midterm note. 

• No devices, including calculator, or other resources are allowed.

• Extra question: Final has one extra question like Midterm. 

• Final will be a little bit harder than Midterm and have more 

questions (around 17).

• Time per question is longest for Final.

• Final practice will be online soon. 
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Schedule in the next week

• Quiz 4 on Tuesday

• Final Exam: Friday, 09/06/2013, 3:00 P.M. -

6:00 P.M., CENTR 109

• No class and office hours on Monday.

• Final practice will be online by Monday.

• Lecture teaching finishes on Wednesday.

• Final review on Thursday.

– Suggestions on final review are welcome.
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(Extra) office hours in the next week

• Jianwu Wang
– Wednesday : 3:00 to 4:30 P.M. classroom, after class

– Friday: 10:00-12:00 A.M. Room E355, SDSC building

• Uday Khandelwal
– Wednesday : 6:00-8:00 P.M. Room B275, CSE building 

– Thursday 3:30-5:30 P.M. classroom, after discussion session

• Ruiqing Qiu
– Tuesday: 11:00-1:00 P.M. Room B275, CSE building 

– Thursday:12:30-1:30 P.M. Room B275, CSE building 

• Atyansh Jaiswal
– Wednesday 4:00 - 6:00 P.M., Room B275, CSE building 

• Jiajie Duan
– Thursday 10:00 A.M. -12:00 P.M., Room B275, CSE building 
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About Quiz

• Average score of Quiz 3 is around 65. 
– Check email for possible correction on question 4’s 

grading.

– Do not worry it much. Only counts 5% in the final 
mark. Prepare well for the next quiz and final.

– Current overall statistics are good: average 85, over 
20% students are above 90, 50% above 80.

• Why quizzes are harder than Midterm?
– I prefer this way so you still have time to work on the 

parts you didn’t answered correctly and get good 
marks for Midterm and Final.

– You should have enough time answering question in 
Final.
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About Textbook
• It is written in precise mathematical language, and 

has a lot of notations. 
– They are much easier for the professional and for 

complicated problems, but difficult for beginners.

– Try to read a few more times if it is hard for you.

– I will try to provide notation explanation in Final.

• It teaches us how to think abstractly, logically and 
precisely. 
– You will know how to solve a problem mathematically

before programming.

– You will pay attention to special conditions/scenarios.

• You will learn programming related techniques, but 
not much mathematics, in many other classes.
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CSE 21

Mathematics for Algorithm and System 

Analysis

Unit 4: Basic Concepts in Graph Theory

Section 3: Trees (cont’d)

Section 4: Rates of Growth and Analysis of Algorithms
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Review : Decision Tree and Depth First 

Traversal (DT-Section 1)
• Depth first vertex sequence, DFV(T)

– 1,2,4,2,5,2,1,3,6,8,6,9,6,10,6,11,6,3,7,3,1

• The preorder sequence of vertices of T, 

PREV(T), is the sequence of first 

occurrences of the vertices of T 

in DFV(T).

– 1, 2, 4, 5, 3, 6, 8, 9, 10, 11, 7
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Learning Outcomes

• By the end of this lesson, you should be able to 

– Use the algorithm to get lineal spanning tree from 

a graph. 

– Analyze time complexity of an algorithm.

– Compare the time complexities of different 

algorithms for the same computational problem. 
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Why do we need to learn them?

• Algorithm analysis is an important part of 

computational complexity theory.

– The theory provides theoretical estimates for the 

resources needed by algorithms for a given 

computational problem.

• Algorithm analysis is related to program 

optimization.

– Always try to find an algorithm with lower 

computational complexity for a given problem. 

The lower, the better.
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CSE 21

Mathematics for Algorithm and System 

Analysis

Unit 4: Basic Concepts in Graph Theory

Section 3: Trees (cont’d)
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Definition 20 : Lineal or depth-first 

spanning tree
• Let x and y be two vertices in a rooted tree with root r. 

If x is on the path connecting r to y, we say that y is a 

descendant of x.

– In particular, all vertices are descendants of r.

• If one of u and v is a descendant of the other, we say 

that {u, v} is a lineal pair. 

• A lineal spanning tree or depth-first spanning tree of a 

connected graph G = (V, E) is a rooted spanning tree of 

G such that each edge {u, v} of G is a lineal pair.
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Examples of lineal or depth-first 

spanning tree
• Suppose a is the root of the spanning tree of the graph.

– If we delete edge {a, d}, {a, g} and {e, h}, we get a lineal 

spanning tree because each edge on the graph is a lineal pair.

– If we delete edge {a, d}, {g, e} and {e, h}, we get a spanning 

tree, but it is not a lineal spanning tree.

• Edge {g, e} is not a lineal pair.
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Example 21 : Algorithm for lineal or 

depth-first spanning trees
Given a rooted simple graph G = (V, E) with v0 as root. The 

algorithm constructs a lineal or depth-first spanning tree rooted 

at v0. 

1. Start: Let E′ = ∅; and let V′ = {v0} where v0 is the root of G. Let 

T′ = (V′, E′) be the starting subtree, rooted at v0.

2. Possible New Edge: Let v be the last vertex added to V′ where T′ 

= (V′, E′) is the subtree thus far constructed, with root v0. Let x be 

the first vertex on the unique path from v to v0 for which there is 

an edge f = {x, y} with x ∈ V′ and y ∉ V′.  If v = v0, select any 

edge f ={v0, y} with y ∉ V′. If there is no such x, stop.

3. Add Edge : Replace V′ with V′ ∪ {y} and E′ with E′ ∪ {f} to 

obtain T′ = (V′, E′) as the new subtree thus far constructed, with 

root v0. (y is now the last vertex added to V ′.) Go to Step 2.
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Example 21 : Algorithm for lineal or 

depth-first spanning trees
The changes of E′, V′, x, and y with this algorithm, root is a.

– E′= ∅, V′ = {a}, x = a, y = b

– E′= {{a, b}}, V′ = {a, b}, x = b, y = c

– E′= {{a, b}, {b, c}}, V′ = {a, b, c}, x = b, y = d

– E′= {{a, b}, {b, c}, {b, d}}, V′ = {a, b, c, d}, x = a, y = e

– E′= {{a, b}, {b, c}, {b, d}, {a, e}}, V′ = {a, b, c, d, e},

x = e, y = g

– E′= {{a, b}, {b, c}, {b, d}, {a, e}, {e, g}}, 

V′ = {a, b, c, d, e, g}, x = g, y = i

– E′= {{a, b}, {b, c}, {b, d}, {a, e}, {e, g}, {g, i}}, 

V′ = {a, b, c, d, e, g, i}, x = g, y = h

– E′= {{a, b}, {b, c}, {b, d}, {a, e}, {e, g}, {g, i}, {g, h}}, 

V′ = {a, b, c, d, e, g, i, h}, x = e, y = f

– E′= {{a, b}, {b, c}, {b, d}, {a, e}, {e, g}, {g, h}, {g, i}, {e, f}}, 

V′ = {a, b, c, d, e, g, i, h, f}, no such x any more, stop
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Example 21 : Algorithm for lineal or 

depth-first spanning trees
• If the vertices of T are labeled in the order added by the 

algorithm (when there is a choice, choose the left or 

upward vertex) AND the children of each vertex of T are 

ordered by the same numbering, the result is an RP-tree. 

• For this RP-tree, the numbers on the vertices correspond 

to preorder, PREV(T), of vertices on this tree (starting 

with the root having value 0).
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CSE 21

Mathematics for Algorithm and System 

Analysis

Unit 4: Basic Concepts in Graph Theory

Section 4: Rates of Growth and Analysis of 

Algorithms
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Two main aspects of algorithm 

analysis 
• Algorithms analysis estimates the amount of resources 

(such as time and storage) necessary to execute them. 

• Two main aspects of algorithm analysis 

– Time complexity: how much time does it take to execute this 

algorithm? We only focus on time complexity in this course.

– Space complexity: how much memory and/or disk does it 

need to execute this algorithm?

• We are only interested in general complexity that is 

independent from machines the algorithm execute on.

– Not specific execution times, but estimated values.

– More operations an algorithm has, it takes longer time.
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Example 22 : Finding the maximum

• How long it takes to find the maximum of a list of n

integers where we know nothing about the order they 

are in or how big the integers are? 

• Let a1, . . . , an be the list of integers. The algorithm for 

finding the maximum is:

max = a1

For i = 2, . . . , n

If ai > max, then max = ai.

End for 

Return max
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Solution to Example 22
• Operations in the algorithm

– Operation number of setting up and returning : s.

– Loop number of the “For” loop: n-1

– Operation number within the “For” loop: 1 for i value setting; 1 for the 

comparison and replacement in the “If”.

• The overall operation number is a function of n: f(n)=2(n-1)+s

– Each operation here might need a few operations in computer, but we 

do not need to know it.

• Algorithm analysis

– When n is large enough, the constants like s and -1 are negligible. 

– We think time complexity c1n and c2n are the same for constants c1 and 

c2, so only thing really matters is n.
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Definition 21 : Notation for Θ and O

• Let f and g be functions from the positive integers to 

the nonnegative real numbers. 

• We say that g(n) is Θ(f(n)) if there exist positive 

constants A and B such that Af(n) ≤ g(n) ≤ Bf(n) for all 

sufficiently large n. 

– “S(n) is true for all sufficiently large n” means that there is 

some integer N, such that S(n) is true whenever n ＞ N. 

– In this case, we say that f and g grow at the same rate. 

– Θ(f(n)) gives an idea of how big g(n) is for large values of n. 

It is only “idea of” because we don’t know what the constants 

A and B are.
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Definition 21 : Notation for Θ and O (2)

• Let f and h be functions from the positive integers to 

the nonnegative real numbers. 

• We say that h(n) is O(f(n)) if there exists a positive 

constant B such that h(n) ≤ Bf(n) for all sufficiently 

large n. 

– In this case, we say that h grows no faster than f or, 

equivalently, that f grows at least as fast as h.

– O(f(n)) gives an idea of an upper bound on how big h(n) is 

for all large values of n.
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Some examples using Θ and O

g(n) = n2+n, f(n)=3n2

• (1/3)f(n) ≤ g(n) ≤ f(n) for n > 0, 

so g(n) is Θ(f(n)) and O(f(n)).

• g(n) ≤ f(n) ≤ 3g(n) for n > 0, 

so f(n) is Θ(g(n)) and O(g(n)).
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Some examples using Θ and O (2)

• g(n) = n2+n+5, f(n)=n3

– g(n) ≤ f(n) for n > 2, so g(n) is O(f(n)).
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Theorem 7 : Some properties of Θ and O

(a) If g(n) is Θ(f(n)), then g(n) is O(f(n)).

(b) (Reflexive) f(n) is Θ(f(n)) and f(n) is O(f(n)).

(c) If g(n) is Θ(f(n)), and C and D are positive constants, 

then Cg(n) is Θ(Df(n)). If g(n) is O(f(n)) and C and D

are positive constants, then Cg(n) is O(Df(n)).

(d) (Symmetric only for Θ) If g(n) is Θ(f(n)), then f(n) is 

Θ(g(n)). 
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Theorem 7 : Some properties of Θ and O 

(2)
(e) (Transitive) 

If g(n) is Θ(f(n)) and f(n) is Θ(h(n)), then g(n) is 

Θ(h(n)).

If g(n) is O(f(n)) and f(n) is O(h(n)), then g(n) is 

O(h(n)). 

(f)  If g1(n) is Θ(f1(n)), g2(n) is Θ(f2(n)), then g1(n)+g2(n)

is Θ(max(f1(n), f2(n))).

If g1(n) is O(f1(n)), g2(n) is O(f2(n)), then g1(n)+g2(n)

is O(max(f1(n), f2(n))).

Note: Θ is a equivalent relation, but O is not.

25CSE21: Lecture  15



Example 23 : Additional observations on 

Θ and O
• We can use limit to compare two functions for Θ and O

– implies g(n) is Θ(f(n))

• e.g., g(n) = n, f(n)=n+2, , so g(n) = Θ(f(n))

– implies g(n) is O(f(n))

• e.g., g(n) = n, f(n)=n2, , so g(n) = O(f(n))

• Θ of polynomial functions.

– Given any two polynomial functions: f(n) = akn
k + ak-1n

k-1· · ·  

+ a0, and g(n) = bkn
k + bk-1n

k-1· · ·  + b0, if ak and bk positive, 

then g(n) is Θ(f(n)). 

• It is because both f(n) and g(n) are Θ(nk).

• e.g., g(n) = n2+n, f(n)=3n2, they are both Θ(n2).
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Example 23 : Additional observations on 

Θ and O (2)
• Logarithms.

– What base should I use? 

The base does not matter because loga x = (loga

b)(logb x) and constant factors like loga b are 

ignored in Θ( ) and O( ).

– How fast do they grow?

for every ε > 0. So they grow 

slower than powers of n, namely polynomial 

functions of n. 
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Example 24 : Using Θ

• Get the time complexities of the following three algorithms for 

computing p(x)=p0+p1r+· · ·+pnr
n. 
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Poly1(n, p, r) 

S = p0

For i = 1, . . . , n

S = S + pi ∗ Pow(r, i).

Return S 

End

Pow(r, i) 

P=1

For j = 1, . . . , i

P = P ∗ r.

Return P

End

Poly2(n, p, r) 

S = p0

P = 1

For i = 1, . . . , n

P = P ∗ r.

S = S + pi ∗ P

Return for

Return S

End

Poly3(n, p, r) 

S = pn

For i = n, . . . , 2, 1

S = S ∗ r + pi-1

Return S

End



Solution to Example 24

• Time complexity of Poly1

– The operations that are not constant are the “For” loop in Poly1 

(call it the first “For”) and the “For” loop in Pow (call it the 

second “For”) .

• If n=1, the operation number: 1 for add operation in the first “For” and 1 

for multiplication operation the second “For”.

• If n=2, the operation number: 2 for operations in the first “For” and 3=1+2 

for operations in the second “For”.

• If n=k, the operation number: k for operations in the first “For” and 

1+2+…+k for operations in the second “For”.

– The total non-constant operation number is                              .

– So time complexity of Poly1 is Θ(n2), denoted as Tn(Poly1) is 

Θ(n2).
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Solution to Example 24 (2)
• Time complexity of Poly2 and Poly3

– The amount of time spent in the “For” loop of Poly2 and Poly 3 is 

constant and the loop is executed n times. 

– So time complexities of both Poly2 and Poly3 are Θ(n), denoted as 

Tn(Poly2) and Tn(Poly3) are Θ(n). 

• Compare time complexities of these algorithms

– By the definition of Θ, there are positive real numbers A and B so 

that An2 ≤ Tn(Poly1) and Tn(Poly2) ≤ Bn for sufficiently large n. 

– Thus Tn(Poly2)/Tn(Poly1) ≤ B/An. As n gets larger, Poly2 looks 

better and better compared to Poly1. 

– We get the same conclusion (time complexity of Poly2 is lower than 

that of Poly1) by comparing n2 and n directly for sufficiently large n.

– Based on Θ, we cannot tell whose time complexity is lower for 

Poly2 and Poly3.
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Typical time complexities
• Typical time complexities

1. constant time:  Θ(1), e.g., f(n)=3

2. logarithmic time: Θ(log n), e.g., f(n)=3log n

3. linear time: Θ(n), e.g., f(n)=4n+5

4. polynomial time: Θ(nk), e.g., f(n)=7n5+7n2+8n

5. exponential time: Θ(kn), e.g., f(n)=4n+5

6. factorial time: Θ(n!), e.g., f(n)=n!+4n

• Based on the order, each time complexity is the upper bound of 

the one before it. The opposite doesn’t hold. 

– It also means these time complexities are worse along the order.

• e.g., f(n) = log n is O(n), but f(n) = n is not O(log n)

– Only need to check the part that grows fastest and omit other parts. 
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Online Resources

• Draw function graph 

http://rechneronline.de/function-graphs/

• Limit calculator

http://www.wolframalpha.com/widgets/view.jsp

?id=265eceb6d4d961057f1b483a558e2885
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Homework and Pre-Reading Assignment

• Homework: 

– Exercise 3.8 in page GT-37 and 4.1, 4.2, 4.3, 4.4 in page 

GT-49 to GT-50.

– Prepare Quiz 4 on Tuesday. 

• For next class, please read first part of Section 4

(Fn-21 to Fn-29) of Unit 2.

– Try to understand definitions, and distribution function 

of Random Variables from examples. 

– Try to understand and calculate covariance, variance, 

standard deviation and correlation of random variables. 
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