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Correction on Tower of Hanoi

• When checking the rank of a move, we need to provide its 

path information, because the same move could happen 

many times in one decision tree. 

• When checking how to get the path based on a 

configuration and whether a configuration is legal, we need 

to keep checking washers from the biggest one to the 

smallest one.

• Note for the last lecture has been corrected.



Review : Basic Probability Terms (CL-

Section 4)
• In probability theory, we use “sample space” 

instead of “universal set” for set U. 

• Probability: If we select elements uniformly at 

random from a sample space U, the probability 

of each element of U being selected is 1/|U|.

• Event: A subset E ⊆ U. If we select elements 

uniformly at random from U, the probability 

that selection belongs to the set E is |E|/|U|.
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Review : Probability Function and 

Probability Space (CL-Section 4)
• Let U be a finite sample space and let P be a 

function from U to R (the real numbers) such 

that P(t) ≥ 0 for all t and               .

– P is called a probability function on U. 

– The pair (U,P) is called a probability space.

– P can include events (E ⊆ U) directly:                    

– P(E) is called the probability of event E.
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P(t)
t∈U

∑ =1

P(E) = P(t)
t∈E

∑
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Learning Outcomes

• By the end of this lesson, you should be able to 

– Understand Gray Code and calculate its values 

based on Recursive Decision Tree.

– Calculate Conditional Probability with help of 

Decision Tree.
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Why do we need to learn them?

• Gray code is a binary numerical system that is 

widely used to facilitate error correction in 

digital communications.

• Conditional probability is another good 

applicable area of Decision Tree.
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Example 15: Decision tree for the subset 

Gray code
• Binary Numerical System

– Represents numeric values using 0 and 1, e.g.: 00 for 0, 01, 

for 1, 10 for 2, 11 for 3.

– It is used internally by almost all modern computers.

• Gray code is a binary numerical system where two 

successive values differ in only one bit.

– Gray code for length of 2 : GRAY(2)=00, 01, 11, 10

– Gray code in reverse order: GRAY(2)=10, 11, 01, 00
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Example 15: Decision tree for the subset 

Gray code (2)
• Gray code can be described recursively.

– GRAY(n)=0GRAY(n-1),1GRAY(n-1)

– GRAY(n)=1GRAY(n-1),0GRAY(n-1)

• Example: 

– GRAY(2)=0(GRAY(1)),1(GRAY(1))=0(0,1),1(1,0)=00, 01, 

11, 10

• Local description of decision tree for Gray code
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Example 15: Decision tree for the subset 

Gray code (3)

• Decision tree for GRAY(3)
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Definition 4 : Conditional probability

• Let U be a sample space with probability 

function P. If A ⊆ U and B ⊆ U are events 

(subsets) of U then the conditional probability 

of B given A, denoted by P(B|A), is

• P(B|A) means the probability that event B

occurred, given event A occurred.
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Example of Conditional probability

• A box contains 3 green and 4 white balls. 

• Two balls are sampled without replacement, what is the 

probability that the second is green if the first is green?

• Specify events 

– A is the event that the first is green

– B is the event that the second is green

– A∩B: the event that the first and second are both green

– B|A: the event that the second is green given first is green

• Probability

– P(A)=3/7; P(A∩B)=C(3,2)/C(7,2)=3/21;

– P(B|A) =1/3=P(A∩B)/P(A).
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Theorem 2 : Properties of conditional 

probability
• Let (U, P) be a probability space. All events in the 

following statements are subsets of U and the 

conditional probabilities are assumed to be defined.

(a) P(B|U) = P(B) and P(B|A) = P(A∩B|A).

(b) (Bayes’ Theorem) A and B are independent events 

if and only if P(B|A) = P(B).

(c) P(A|B) = P(B|A)P(A)/P(B).

(d) P(A1∩ ·  ·  ·  ∩An) = P(A1) P(A2|A1)P(A3|A1∩A2) ·  ·  ·  

P(An | A1∩·  ·  ·  ∩An−1).
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Example 16 : Diagnosis and Bayes’ 

Theorem
• Suppose a test can see if a person has flu. It’s 

known that 1 person in about 500 has flu. 

• 100% effectiveness at detection 

– Of the people with flu, the test always detected it.

• False positives

– When testing on people who do not have flu, the test 
incorrectly detect they have flu 3% of the time.

• Question

– What is the probability that a person who tests positive 
actually has flu?
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Solution to Example 16

• Describe the example in probability language

– Use event W for having flu and event T for positive test. 

– P(W) = 1/500, P(T|W)=1, P(T|Wc) = 0.03, calculate P(W|T).

• Based on Theorem 2(c): P(W|T) = P(T|W)P(W)/P(T).

• Calculate P(T) 

P(T) = P(T∩W)+P(T∩Wc)

= P(T|W)P(W) + P(T|Wc)P(Wc)

= 1 × 0.002 + 0.03 × (1 − 0.002) ≈ 0.032

• Calculate result

P(W|T) ≈1×0.002/0.032 ≈ 6%.
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Example 17 : Decision trees and 

conditional probability
• Picture the previous example using a decision 

tree.

– Vertices are labeled as events, such as T∩W.

– Edges are labeled as probability.

– Second level edges are labeled

as conditional probability.

– Probability for a vertex is 

the product of the 

probabilities on the edges 

along the path from 

the root to the vertex.

• e.g., P(T∩W)=P(T|W)×P(W).



Solution to Example 17

• Get probability value for each edge.

• Calculate results based on tree 

and formulas.

P(T) = P(T∩W)+P(T∩Wc)

= 0.002×1.0+0.998×0.03

≈ 0.032

P(W|T)= P(T|W)P(W)/P(T)

= (1.0×0.002)/0.032

≈ 0.06
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Example 18 : Another decision tree with 

probabilities
• Given an urn with one red ball and one white ball. 

• A fair die is thrown. 
– If the number is 1, 1 red ball and 2 white balls are 

added to the urn. 

– If the number is 2 or 3, 2 red balls and 3 white balls 
are added to the urn. 

– If the number is 4, 5, or 6, 3 red balls and 4 white balls 
are added to the urn. 

• A ball is selected uniformly at random from the 
urn.

• Question: If the ball selected was red, what is the 
probability that the outcome of the die was 2 or 3?
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Solution to Example 18

• Draw decision tree: first level edges are for die 
throwing, second level edges for ball selection.

• The problem is P({2,3}|R)=P({2,3}∩R)/P(R)

• P(R): add up the probabilities of all leaves resulting 
from a red ball selection.

1/15+1/7+2/9=136/315

• P({2,3}∩R): Third leaf 

from the left

1/7

• Result

(1/7)/(136/315)



Theorem 3 : Bayes’ Theorem

• Let (U, P) be a probability space, let {Ai : i = 1, 2, . . 

. , n} be a partition of U, and let B ⊆ U, we have:

• Because P(Ai|B) = P(Ai∩B)/P(B), and P(Ai∩B) = 

P(Ai) P(B|Ai), we only need to know P(B).

• Decision tree

– n edges of the decision tree coming down from the root 

for Ai

– 2 edges coming down from each child of the root for B 

and ~B.
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Example 19 : Tossing coins

• To get P(B): add up the probabilities of all 

leaves contained in B, i.e., add up P(At)P(B|At) 

over 1 ≤ t ≤ n.
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Example 19 : Tossing coins

• Suppose you have two coins. One has heads on 

both sides and the other is a normal coin. 

• You select a coin randomly and toss it. 

– If the result is heads, you switch coins; 

– Otherwise you keep the coin you just tossed. 

• Then toss the coin you are holding.

• Question: What is the probability that the 

result of the toss is heads?
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Solution to Example 19
• Decision tree: first level edges for coin selection, second 

level for the first toss and possible coin switch, third level 
for the second toss.

• The labels hh and ht indicate which coin you are holding 
(two headed or normal). The labels H and T indicate the 
result of the toss.

• The conditional probabilities are on the edges. 

• The leaf probabilities are the

product of the 

probabilities  along 

the paths.

• Result: add up H leaves.
1/4 + 1/4 + 1/8 = 5/8
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Solution to Example 19 (2)

• Question: Given that the final toss is heads, what is the 

probability that you’re holding the double-headed coin? 

– P((hold hh)|(final toss is H))=P((hold hh)∩(final toss is 

H))/P(final toss is H)

• The leaf for the numerator event is the third leaf from the 

left, whose probability is 1/4. 

• The probability of the final 

toss is heads:

5/8 from the last solution

• Result:

(1/4)/(5/8)=2/5
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Solution to Example 19 (3)
• Question: Given that the final toss is heads, what is the 

probability that the coin you picked up at the start was not 
double headed?
– P((chose ht)|(final toss is H))= P((chose ht)∩(final toss is 

H))/P(final toss is H). 

• The leaves for the numerator event 

are the third and fourth leaf 

from left:

probability are 1/4+1/8=3/8. 

• The probability of the 

final toss is heads:
5/8 from the last solution

• Result:
(3/8)/(5/8)=3/5



Homework and Pre-Reading Assignment

• Homework: 

– Exercise 2.3 in page DT-26, and 3.1, 3.3, 3.5, 3.7 in 

page CL-39 to DT-40

• For next class, please read Section 4 of Unit 3 

(DT-40 to DT-49).

– Try to understand how to use induction to prove 

statements. 

– Try to understand what is a solution to a recursion 

and how to find solutions to some recursions.
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